TOWARDS THE SYMPLECTIC GRABER-HARRIS-STARR 

THEOREMS 



ZHIYU TIAN 

j^JQf Abstract. A theorem of Graber, Harris, and Starr states that a rationally 

r ^ _ connected fibration over a curve has a section. We study an analogous question 

in symplectic geometry. Namely, given a rationally connected fibration over a 
curve, can one find a section which gives a non-zero Gromov-Witten invariant? 
We observe that for any fibration, the existence of a section which gives a 
non-zero Gromov-Witten invariant only depends on the generic fiber, i.e. a 
variety defined over the function field of a curve. Some examples of rationally 
connected fibrations with this property are given, including all rational surface 
fibrations. We also prove some results, which says that in certain cases we can 
"lift" Gromov-Witten invariants of the base to the total space of a rationally 
connected fibration. 



1. Introduction 

This paper is devoted to the study of some symplectic geometric/topological as- 
pects of rationally connected varieties. First recall that a smooth complex projective 
variety is called rationally connected if for any pair of points there is a rational curve 
containing them. In the mid-nineties, after the introduction of Gromov-Witten in- 
variants, Kollar and Ruan discoved that many aspects of algebraic geometry should 
have their symplectic analogues. In particular, the following conjectures are pro- 
posed. 

Conjecture 1.1. Let X be a smooth projective rationally connected variety. There 
is a non-zero Gromov-Witten invariant of the form ([pt], [pt], A\, . . . , A n , Here 
Ai G H* (X, Q) and / is the pull-back of some cohomology class from Mo jn +2 via 
the forgetful map M ^ n+ 2(X, (i) — > Af ,n+2 (if n > 1). 

Remark 1.2. A symplectic manifold with the above property is called symplectic 
rationally connected. One can also define symplectic rational connectedness as hav- 
ing some non-zero descendant Gromov-Witten invariant with two point insertions. 
But this imply that the variety is symplectic rationally connected in the sense of 
the above definition by recursively replacing ijj classes with classes pulled back from 

Conjecture 1.3 (Kollar, [Kol98 ). Let X and X' be two smooth projective varieties 
which are symplectic deformation equivalent. Then X is rationally connected if and 
only if X' is. 

A stronger conjecture is also proposed by Kollar in a private communication. 

Conjecture 1.4 (Kollar). The maximal rationally connected (MRC) quotient of 
a smooth projective variety is a symplectic deformation invariant. 
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Here is an explanation of some of the terms above. For any smooth projective 
variety, the polarization gives a Kahler, thus symplectic, form. A variety X is 
symplectic deformation equivalent to a variety A', if there is a family of symplectic 
manifolds (X t ,u) t ), diffeomorphic to each other, such that (Xq,uiq) (resp. (X%,U!x)) 
is isomorphic to (X, ui) (resp. (X' , ui')) as a symplectic manifold. Note that different 
choices of the polarization give symplectic deformation equivalent varieties. 

The MRC quotient of a variety is a rational dominant map X —■* Z, whose 
restriction to an open dense subset is a proper morphism onto its image with ra- 
tionally connected general fiber, such that for any other rational dominant map 
X --■» Z' with above property, there is a rational map Z' --■ » Z making the obvi- 
ous diagram commutative. 

One issue about Conjecture 11.41 is that it is difficult to make sense of a rational 
map being symplectic deformation invariant. However, we can at least ask that 
some numerical invariants, e.g. the dimension and the cohomology class of a general 
fiber, are symplectic deformation invariant. 

Kollar's conjecture 11.31 is proved for 3-folds in [Tial2 j . The stronger one also 
follows from the proof of that paper. And for all rationally connected surfaces 
and some classes of rationally connected 3-folds, the existence of the non- vanishing 
Gromov-Witten invariant is known |Tial2j . 

In this paper we propose to study the following closely related questions. 

Question 1.5. Let X —> C be a projective morphism from a smooth projective 
variety onto a smooth curve such that a general fiber is rationally connected (or 
symplectic rationally connected). Is there a non-zero Gromov-Witten invariant 
given by a section? 

Question 1.6. Let X — » Y be a surjective morphism between smooth projective 
varieties. Assume both Y and a general fiber are symplectic rationally connected. 
Is X symplectic rationally connected? 

Question 1.7. Let it : X — > Y be a morphism between smooth projective varieties. 
Assume a general fiber F is symplectic rationally connected and Y is uniruled. Is 
there a curve class /3 in H2 (A, Z) with a non-zero Gromov-Witten invariant of the 
form ([pt], . . .)*a such that 7r*(/3) is non-zero? 

We now explain how these questions are related to the coni ectures 1 1 . 1 [ [T73l and 
fLI 

The following way to prove that every rationally connected variety has a non- 
vanishing Gromov-Witten invariant with two point insertions is proposed in |Tial2j . 
Namely, first show that the existence of such an invariant is a birational invariant 
and then find in each birational class a "good" representative which has such a 
Gromov-Witten invariant. By the minimal model program (MMP), most (in some 
sense) rationally connected varieties are birational to fibrations of rationally con- 
nected varieties over another rationally connected variety. Thus Question 11.61 can 
be viewed as an inductive step to Coniecture ll.il 

The idea behind Question 11.71 and Conjecture 11.41 is that we should be able to 
construct some kind of "symplectic MRC quotient", which is a symplectic defor- 
mation invariant. And we should be able to "lift" the uniruled rational curve on 
the base of some rationally connected fibration and the process should be visible 
in terms of Gromov-Witten invariants. Therefore the symplectic MRC quotient 
should be non-uniruled and coincide with the usual MRC quotient. 
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The expectation is that the answers are always affirmative to the above questions. 
We would like to call these type of results the symplectic Graber-Harris-Starr the- 
orems since they are the symplectic analogues of the celebrated theorem of Graber, 
Harris, and Starr, which says that a rationally connected fibration over a curve 
always has a section and, as an immediate corollary, the base of the MRC fibra- 
tion is non-uniruled and the total space of a rationally connected fibration over a 
rationally connected variety is itself rationally connected. 

Note that the statements about MRC fibration and rational connectedness of 
the total space as above are really corollaries of the Graber-Harris-Starr theorem. 
However, it is not clear that Question II. 5[ if known to be true, will give positive 
answers to the other two questions. It is interesting to know if this is the case. 

Question 1.8. Do Questions 11.71 and 11.61 follow from Question II .bV 

For a proper fibration over a curve, the existence of a section is the same as the 
existence of a rational point in the generic fiber by the valuative criterion, which is 
certainly a property that only depends on the generic fiber. In this paper we first 
observe that the same is true in the symplectic setting. 

Theorem 1.9. Let tt : X — > C (resp. Y —> C) be a fibration over a smooth 
projective curve with a smooth projective total space, and let X n (resp. Y v ) be the 
generic fiber. Assume that X v and Y v are isomorphic over the function field of 
C. Then there is a section of X — > C which gives a non-zero Gromov-Witten 
invariant if and only if there is a section of Y — > C giving a non-zero Gromov- 
Witten invariant ofY. 

Given this theorem, it is natural to ask the following. 

Question 1.10. Let tt : X —> C (resp. Y — !> C) be a fibration over a smooth 
projective curve and X v (resp. Y n ) the generic fiber. Assume that X v and Y^ are 
birational to each other over the function field of C. Then is it true that there is 
a section of X — > C which gives a non-zero Gromov-Witten invariant if and only if 
there is a section of Y — > C giving a non-zero Gromov-Witten invariant of YI 

Given Theorem 11.91 one can ask for which rationally connected variety over the 
function field of a curve the symplectic Graber-Harris-Starr theorem holds. The 
following result gives a partial answer to this. 

Theorem 1.11. Let tt : X — > C be a rationally connected fibration over a smooth 
projective curve C = P 1 with smooth projective total space. And let X v be the 
generic fiber. Then there is a section of 7T : X — 1 C , whose curve class gives a 
non-zero Gromov- Witten invariant of X if X v has a fibration structure 

X v = X n X n -i ->• X\ -> Spec K(C), 

where the generic fiber of each morphism is a rationally connected variety of di- 
mension at most 2. 

As for Question ll.6l and ll.7l we need some geometric assumptions on the base. 

Definition 1.12. A Gromov-Witten invariant (A\, . . . , A n )g g is enumerative if 
(1) For any fixed subvarieties Z\, . . . , Z s , the classes Ai G H*(X, 1) can be 
represented by irreducible subvarieties Yi of X such that the intersection 
Yi n Zj is empty unless the intersection product Ai ■ [Zj] — [Yi] ■ [Zj] is 
non-zero. 
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(2) There is a way of choosing the representatives of A{ such that the only 
curves in class j3 that can meet all the representatives are embedded irre- 
ducible rational curves. 

Remark 1.13. (1) By choosing the subvariety Z to be a point, the first condi- 
tion implies that the subvarieties Yi should be "moving" and have no "base 
point" . In applications, we usually choose the constraints to be a point or 
the intersection of some base-point-free (or even very ample) divisors. 

(2) The embeddedness in the second condition is the key requirement. There 
are examples of Gromov-Witten invariants which count the number of irre- 
ducible immersed rational curves. These kind of invariants should also be 
considered as "enumerative" . However, for technical reasons, the proof will 
be greatly simplified if we work with embedded rational curves. The most 
interesting case to us would be the case where there are two point classes 
in the constraints (i.e. symplectic rational connectedness) . In dimension at 
least 3, a general such curve is embedded. In dimension 2, one can always 
make such a choice. 

(3) The definition in particular implies that the Gromov-Witten invariant is 
the same as the number of rational curves satisfying the incidence relations 
if the constraints are in general position, hence the name. 

Theorem 1.14. Let n : X —> Y be a morphism between smooth projective varieties. 
Assume that Y has a non-zero enumerative Gromov-Witten invariant of the form 
([pt], \pt],A\, . . . ,A n )^g. Assume the generic fiber X v (over the function field K (Y) 
ofY) has a fibration structure 

X v = X n -> X„_ a -> . . . -> Xx -> Spec K(Y), 

where the generic fiber of each morphism is a rationally connected variety of di- 
mension at most 2. Then X is symplectic rationally connected. 

Remark 1.15. (1) Here are some examples of Y satisfying the condition in 
this theorem. 

• Y is a rationally connected surface. 

• Y is a Fano 3-fold or a rationally connected 3-fold with Picard number 
2 ( [Tial2| ). 

• Y is a rational homogeneous space. 

For each rationally connected 3-fold Y, unless the minimal model program 
only produces a birational model of Y as a Q-factorial, non-Gorenstein, 
terminal Fano 3- fold of Picard number 1, there is another 3- fold Y' which is 
birational to Y and satisfies the condition. Assuming the smooth locus of a 
Q-factorial terminal Fano 3-fold of Picard number 1 is rationally connected 
(which is a conjecture in birational geometry), then such a Y' also exists. 
Thus a fibration in the theorem over a 3-dimensional base is, birationally, 
symplectic rationally connected. 
(2) It is in general an open question whether symplectic rational connectedness 
is a birational invariance. However in the special cases of Theorem I1.14[ 
we are able to show a special kind of birational invariance based on some 
geometric arguments. 

Theorem 1.16. Let X be a smooth projective variety and let X — • > S be a dom- 
inant rational map which is a proper morphism when restricted to an open dense 
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subset. Assume the generic fiber X rl has a fibration structure 

X v = X ->■ Xx -> X n -> Spec #(£), 

where the generic fiber of each morphism is a rationally connected variety of dimen- 
sion at most 2. Also assume E is uniruled and has a projective birational model 
which has one minimal uniruled class given by embedded rational curves. Then 
there is a curve class j3 in H2 (X, Z) with a non-zero Gromov- Witten invariant of 
the form ([pi], . . .)jvg. Furthermore, the image of a curve of class (3 in E is not a 
point. 

Remark 1.17. (1) The assumption on the rational map X --■» Z naturally 
appears in the MRC quotient. 

(2) The assumption on the minimal uniruled class holds if dimZ = 2, but 
not in higher dimensions. However, there might be ways to get rid of this 
assumption, which is added here to simplify the comparison of Gromov- 
Witten invariants of the ambient space and the subvariety (c.f. Remark 

(3) The reappearance of the conditions of the fiber in Theorems 1 1 . 1 1[ fl . 1 6[ and 
11.141 is not a coincidence. We essentially reduce the problem to the case of 
Theorem ll.lll That is, in our situation, Question 11.61 and 1 1 . 71 follows from 
Question 11.51 and some manipulations of Gromov- Witten invariants. In 
general it is difficult to compare Gromov- Witten invariants of the ambient 
space with those of subvarieties. And the geometric assumptions make such 
a comparison possible. 

Acknowledgments: The author would like to thank Tom Graber, Jason Starr 
and Aleksey Zinger for many helpful discussions. The connection between Conjec- 
ture [0] and Question 11.71 was pointed out by Janos Kollar. 

2. Comparison of Gromov- Witten invariants via the degeneration 

FORMULA 

In this section we recall the main technical result of Hu-Li-Ruan [HLR08] , which 
allows one to compare Gromov- Witten invariants of a variety and its blow-up. Then 
apply it to prove Theorem 11.91 Readers familiar with their results can safely skip 
to the last subsection. 

For the reader's convenience, we briefly summarize the comparison result we 
need from HLR08 . In general one can write down the degeneration formula to 
compare such invariants. However the formula usually involves a sum of many 
terms, which is difficult to analyze. The result in [HLR08 says that only further 
degenerations of the curve have non-trivial contributions in the sum. They intro- 
duced a partial ordering on Gromov- Witten invariants, which measures the extent 
of the degeneration of the curve. Also the degeneration formula gives an invertible 
linear map between the space of absolute and relative Gromov- Witten invariants. 
In particular, if one starts with a non-zero Gromov- Witten invariant, one is guar- 
anteed to get a non-zero Gromov- Witten invariant, although the exact form of the 
two invariants are (in general) different and no so easy to see directly. 

2.1. Descendant GW-invariants, Relative GW-invariants, and the De- 
generation formula. In this section we recall some variants of Gromov- Witten 
invariants. 
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Definition 2.1. Let Ai g n be the moduli stack of genus g, n-pointed stable maps 

j£ p 

to X whose curve class is (3. Let Li be the line bundle on Ai g n whose fiber over 
each point (C,pi, . . . ,p n ) is the restriction of the sheaf of differentials of the curve 
C to the point pi. Let ipi be the first Chern class of Then the descendant 
Gromov-Witten invariant is defined as 

(r kl 7i , . . . , T kn y n )f t p = / va TT i>t evfji , 

where evi is the evaluation map given by the i-th marked point, and ji € H*(X, Q). 

For (rfc^i, . . . , Tk n J n )g t 0, we can associate a decorated graph L of one vertex dec- 
orated by (3 and a tail for each marked points, decorated by (fc i; 7j). The resulting 
graph r({(fci, 7i)}) is called a decorated weighed graph. 

Next we discuss relative Gromov-Witten invariants, which were first introduced 
in the symplectic category by Li-Ruan [LR01] and in the algebraic category by Jun 
Li [LiOlj , |Li02] . We will not recall the precise definition here since it is not needed. 
The reader may refer to the above-mentioned papers for more details. 

Intuitively, the relative Gromov-Witten invariants count the number of stable 
maps satisfying certain incidence constraints and having prescribed tangency con- 
ditions with a given divisor. Let X be a smooth projective variety and D C X be 
a smooth divisor. Fix a curve class /3 such that the intersection number D ■ (3 = m 
is non-negative. The relative Gromov-Witten invariants are not defined if the 
number D ■ ft is negative. Also choose a partition {m^i — 1,2, ...,s} of m. 
Then the relative Gromov-Witten invariants count the number of stable maps 
/ : (C,pi, . . . ,p r , qi, . . . , q s ) —> X with r + s marked points such that the first 
r points (absolute marked points) are mapped to cycles in X and the last s points 
(relative marked points) are mapped to some cycles in D and f*D = ^rrnqi. 
We can also define descendant relative Gromov-Witten invariants. We write such 
invariants as 

(r dl 7i, . . . ,T dr 7 r |(mi,<5i),. . . , (m s , S S ))^ D) 
where 7* £ H*(X, Q), Sj € H*(D,Q). We also use the abbreviation 

n{di,ii)}\%)if 

following HLR08], where 

T s = {(mi,5x),...,(m s ,S s )} 

is called the weighted partition. In the degeneration formula, we have to consider 
stable maps from disconnected domains. The corresponding relative invariants are 
defined to be the product of those of stable maps from connected domains. Such 
invariants are denoted by 

(T'{(d t , lt )}\T s )ff. 

We use • to indicate that the invariant is for a disconnected curve as HLR08 
and |MP06j . Finally we note that we can represent these invariants by decorated 
weighted graphs (c.f. Section 3.2 in [HLR08 ), which is the disjoint union of the 
graphs described in Definition 12.11 

Now we describe the degeneration formula. Let W —> S be a projective mor- 
phism from a smooth variety to a pointed curve (S, 0) such that a general fiber is 
smooth and connected and the fiber over is the union of two smooth irreducible 
varieties (W + , W~) intersecting transversely at a smooth subvariety Z. Let 7$ be 
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cohomology classes in a general fiber. Assume that the specialization of ji in Wo 
can be written as 7i (0) = 7+ + 7 ~, where 7+ G iJ*(VK+, Q) and 7 r G iJ*(VK~, Q). 

We first specify a map from a curve of genus g to W + U IL" - with the following 
properties: 

(i) Each connected component is mapped to cither W + or W~ and carries a 
degree 2 homology class; 

(ii) The marked points are not mapped to Z; 

(iii) Each point mapped to Z carries a positive integer representing the order 
of the tangency. 

The above data gives two graphs describing relative stable maps from possibly 
disconnected domains to (W + , Z) and (W~ ,Z), the graph of which are denoted 
by and T'_. From (iii) we get two partitions T+ and T_. Call the above 
data a degenerate genus g 1) graph if the resulting pairs (Y' + ,T + ) and (r* , T_) 
satisfies the following: the total number of marked points is I, T + = T_, and the 
identification of relative tails produces a connected graph of W with total homology 
class [ft] and genus g. 

Denote by Aut(Tk) the automorphism group of such partitions. Let {Si} be a 
self-dual basis of H*(Z,Q). By (iii), we have a weighted partition Tk = {(tj,S aj )} 
and its dual partition Tk = { (tj , 5 aj ■) } , where 5 aj is the Poincare dual of S aj . Let 
f3 + (rcsp. /?_) be the total homology class of the curves mapped to W + (resp. 
W~) in a degenerate (f3,l) graph. Then /3 = /3 + + The degeneration formula 
expresses the Gromov-Witten invariants of a general fiber in terms of the relative 
Gromov-Witten invariants of the degeneration in the following way: 

(II r *^0 = E A(r fc )(r^(d J ,7+)}|r fc )^(rn^, 7 r)}|r fc ) g H ;X, 

where the summation is taken over all possible degenerate genus g (/3, Z) graphs, 
and 

A(T fe ) = \Aut(T k )\-Y[tj. 

3 

By convention, if f} + or /3_ is the zero homology class, the relative invariant is 
defined to be 1. 

In this paper we are mainly interested in the following special case of such de- 
generations: the deformation to the normal cone. Namely, let X be a smooth 
projective variety and S C X be a smooth subvariety. Then we take W to be the 
blow-up of X x A 1 with blow-up center 5x0. In this case, W~ = X, the blow-up 
of X along S, and W+ = V s (0 ffi N s/X ). 

2.2. The blow-up/blow-down correspondence. Let X be a smooth projective 
variety and 5 C X be a smooth subvariety of codimension k. Denote by X the 
blow-up of X along S and by E the exceptional divisor. Here we allow S to be a 
codimension 1 subvariety, i.e. a divisor. In this case X is isomorphic to X and E 
is isomorphic to S. 

Let 61,62, - ■ ■, ms G H*(S, Q) be a self dual basis of 5. We now describe a basis 
of the exceptional divisor E. Note that E = Ps(^s/x ) is a P fe_1 -bundle over 5. 
Let A be the first Chern class of the relative 0(— 1) bundle over Fs(N S / x )- Then 
the cohomology classes 

71-5^ UA 3 ', 1 < i < m s , < j < k - 1, 
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form a basis of E. Denote it by 8 = {Si}. 

Definition 2.2. A standard (relative) weighted partition fj, is a partition 

(j, = {{m,6 dl ), (vi(ri,5d lM )}, 

where fii and di are positive integers with di < kms- is called the length of 
the partition. 

For d = TT* s 9\J X 1 G H*(E, Q), with j < fc - 1, define 

deg s (5)=degfl,de g/ (5) = 2j. 

For a standard weighted partition /x, define 

deg s (m) = de §s ) . de S / (m) = X] deg / ^ )• 

i=l i=l 

Let cti, . . . , <r mx be a basis of H*(X, Q). Then the set of cohomology classes 

7j = n*<Tj,l < j < m x , 

lj+mx = 1 < j < km S 

generate a basis of H^X, Q), where 7r : X — > X is the blow-up along S, i : E — > X 
is the inclusion and is the induced Gysin map. 

Definition 2.3. A connected standard relative Gromov-Witten invariant of (X,E) 
is of the form 

/ I \X,E i i \X.E 

\ u Wo,A = { T k i lL 1 ,...-,T kn lL n \lj) 0t ' A , 

where A is an effective curve class on A, fi is a standard weighted partition with 
= E ■ A, and -f Li = ir*a Li . 

We write r(w)|/x for the decorated graph of such invariants. 
We now relate absolute invariants of X to relative invariants of A. 
To a relative insertion (to, 5) with 5 = w^Oi U A- 7 ', we associate the absolute 
insertion T d ( m .s)(5), where 

S = i*(9i),d(m, S) = km — k + j. 
Given a weighted partition A* = {(//», 5fc 4 )}, we define 

di(fi) = d{nu5ki) = kni- k+ ^deg f (S ki ), 

Given a standard relative invariant (V (uj)\fi) x ' E , we define the absolute descendant 
invariant associated to the relative invariant to be 

Here all the insertions uj in the relative invariants are of the form ir*<Ji; the corre- 
sponding insertions in the absolute invariants are just Oj. 

Definition 2.4. An absolute descendant invariant of A is called a colored absolute 
descendant invariant relative to S if its insertions are divided into two collections 
uj and ft such that each insertion in uj is of the form t^ct, and each insertion in jl 
is of the form Td k 5k- 
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Remark 2.5. An absolute invariant may give different colored invariants depend- 
ing on how one groups the insertions. 

Definition 2.6. If k = 1, then a colored absolute descendant invariant of A relative 
to S (with curve class (3) is called admissible if ^2 fJ-j = E ■ j3. 

The following lemma is essentially Lemma 5.14 in }HLR08] . Note that in their 
paper they only consider the case of primary Gromov-Witten invariants. But the 
proof is actually the same. 

Lemma 2.7. If fi ^ //, then ft =/= ft' . Therefore there is a natural bijection between 
the set of colored weighted absolute graphs relative to S and the set of weighted 
relative graphs in X relative to E if k > 1 . The same is true if we restrict to the 
admissible ones when k = 1 . 

Remark 2.8. Notice that different relative invariants may give the same absolute 
invariants. But these absolute invariants arc different as colored absolute invariants. 

Let I be the set of standard weighted relative graph T'(uj)\[i. 

Define M.^ to be an infinite dimensional vector space. A standard weighted 

relative invariant (V (u>)\/j,) x ' E gives a vector v x E in M. 1 ^. . By Lemma [2.71 I is 
also the set of colored standard weighted absolute graphs relative to S. Thus we 
also have an infinite dimensional vector space M. x s . Similarly, an absolute invariant 
(T'(uj, ft)} x gives a vector vx.s m this vector space. 

We can now state the theorem on blow- up/blow-down correspondence . 

Theorem 2.9 ( |HLR08j . Theorem 5.15). Let tt : X ->• X be the blow-up of a 
smooth projective variety along a smooth center S. Then there is a partial ordering 
on I such that if we use the same partial ordering on the coordinates of R x and 

Rjf s , then the linear map 

given by the degeneration formula such that Ag(v x E ) = Vx s> * s a lower triangular 
map and As only depends on S and its normal bundle. 

2.3. Proof of Theorem 11.91 Since the generic fiber X„ and Y„ are isomorphic, 
there is a birational isomorphism between the total space X and Y that is a mor- 
phism in a neighborhood of the generic fiber. By the weak factorization theorem 
(Theorem 0.1.1, AKMW02]), we can factorize the birational isomorphism by a 
number of blow-ups and blow-downs whose centers are supported in special fibers. 
Thus it suffices to prove the theorem in such special cases. 

In the following, assume that Y is the blow-up of X along a smooth subvariety 
S that is supported in a fiber. We will say that X (resp. Y) satisfies the symplcc- 
tic Graber-Harris-Starr (SGHS) condition if there is a non-zero Gromov-Witten 
invariant of X (resp. Y) whose curve class is a section. 

First assume that X satisfies the SGHS condition. By linearality of Gromov- 
Witten invariants, we may also assume the invariant is of the form 

/ \ A 

(r dl (Ti, . . . , Td„<J n )g,p, 

where j3 is a section class (i.e. has intersection number 1 with a fiber). We degen- 
erate X into Y = Bis A an d Ps(C © N S / X ) and apply the degeneration formula. 
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So there is a non-zero relative invariant: 

(Tdi<Tl, ■ • ■ ,Td h <Tk\tA%i3 • 
Then apply Theorem l2~9l to (Bl E Y,E) and (Y,E). Note that the blow-up of Y 
with center E is Y itself. So Theorem [279] gives a non-zero absolute invariant of Y. 
Notice that we only blow up a subvariety in a special fiber. Thus there are always 
curves in the (Y, E) side in the degeneration formula and the curve class is a section 
since the intersection number with a fiber is 1. 

Conversely, suppose that there is a non-zero descendant Gromov-Witten invari- 
ant on Y of the form 

(r dl 7i,...,r d „7„}^ /§ . 

We may assume that 74, 1 < i < m are of the form tt*^ and -fi,m + I < i < n are 
of the form t*(<5jj. Then we degenerate Y into Y and Fe(0®Ne/y) and specialize 
7i (to + 1 < i < n) to the projective bundle side. Then there is a non-zero relative 
invariant of the form: 

(T dl 7l,...,T dfe 7 fe |^)^f, 

with fc < to. In particular, all the 7,, 1 < i < k are of the form ■K*<jj i . Again 
apply Theorem 12.91 to ( Y, E) and (X, S) . By the same observation above, we get a 
non-zero absolute descendant invariant of desired form. 

3. Proof of the main theorems 

3.1. Fano fibrations. In this subsection, let Z be a normal projective variety with 
at worst terminal singularities. And let tt : Z — > B be a contraction of some Kz- 
negative extremal face to a smooth projective curve B of genus 0. Assume a general 
fiber F is a smooth Del Pezzo surface, or P 1 . When a general fiber is P 1 , we allow 
special fibers to be the union of two smooth P^s. Let / : Z — > Z be a resolution of 
singularities that is isomorphic near a general fiber. Note that all the exceptional 
divisors are supported in special fibers of7ro / : Z — > Z — > B. The following is 
Thcreom 6.1 and Proposition 2.2 in |Tial2j . 

Theorem 3.1. There is a non-zero enumerative Gromov-Witten invariant of the 
form 

( \pt],...,\pt\ , ■ • •>!,/» 

m>2 

for some class j3 which is a section of the fibration Z — > B . 

Remark 3.2. The proof in |Tial2j actually shows a little more. Namely, if we 
have a curve class which has the same intersection number with the divisors K^, 
and Kg — /* Kz — ^aiEi and a fixed ample divisor, then any curve in that curve 
class that can meet all the constraints is necessarily irreducible. This observation 
is crucial for the applications in the next section. 

3.2. Proof of Theorems 11.111 H-14|. and 11.161 The general idea of the proofs is 
to reduce all the cases to the situation of Theorem l3.1l bv running the minimal model 
program. Then we need to compare Gromov-Witten invariants of a subvariety with 
the ambient space and between different birational models. The general technique of 
applying degeneration formula is not enough to do the comparison, which explains 
the geometric assumptions in the statements of the main theorems. We begin with 
some technical lemmas. 
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Lemma 3.3. Let f : Y —> Y be a birational morphism between smooth projective 
varieties. Assume Y has a non-zero genus enumerative Gromov- Witten invariant 
of the form 

(\pt\,[Ai],...,[A n \)l fj . 

Then X also has a non-zero genus enumerative Gromov- Witten invariant of the 
form 

([ P t},f*[A 1 },...,f*[A n })l , 

and f, (13') = p. 

Proof. Let C be a rational curve which gives the enumerative Gromov- Witten in- 
variant on Y (i.e. [C] — j3). Then a general deformation of C is a free curve and 
can be deformed away from any fixed codimension 2 locus. Then we can choose the 
constraints to be general such that any curve meeting all the constraints are disjoint 
from the exceptional locus in Y. Take the inverse images of these curves in Y and 
choose the constraints to be the pull-back of the constraints. It it easy to check 
that the pull-back classes also satisfy the first condition in Definition 11.121 Then 
any curve on Y that can meet all the constraints is necessarily one of the inverse 
images of the curves in Y. These curves give the non-zero genus enumerative 
Gromov- Witten invariant as stated. □ 



Lemma 3.4. Let Y be a smooth projective variety and let X be a projective variety 
with terminal singularities. Assume f : X —¥ Y is a Mori fiber space whose general 
fiber is a del Pezzo surface or P . Let g : X — > X be a resolution of singularities 
which is isomorphic over the smooth locus of X. Assume that there is a non-zero 
enumerative Gromov- Witten invariant of the form 

(\pt],...,\pt),[A 1 ],...,[A n ))l [Cl 
„ ^ , 

k 

on Y. Then there is a non-zero enumerative Gromov-Witten invariant of the form 

([pt},...,[pt},(fogr[A 1 },...,(fogy[A n }...)§^, 
v » ' 

k 

and (/° <?)*(/?) = [C]. 

Proof. We consider the family of stable genus maps to Y of class [C] and meeting 
general representatives of A\, . . . , A n and k—1 general points, with n+k — 1 sections 
Si-.V-tU. 



V 

We will only consider the family whose general points parameterize irreducible free 
rational curves and for which the evaluation map ev : U — > Y is dominant, since 
other components will not contribute to the Gromov-Witten invariant. We have 
the following diagram where each square is a fiber product, and p is a general point 
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in Y. 



Z' 


> w - 


> X 




g" 




g 


z 


> W - 


> X 








4 


c 


> u - 


Y 




7T 







ir(ev 1 {p)) > V 

We claim that Z = (ir o / / ) -1 ( 7r ( e,; (?))) has only terminal singularities and 
Z = (7ro/'og / ) _1 (7r(ew _1 (p))) is smooth. In addition, all the singularities of Z come 
from singularities of X . Indeed, blow up the subvarieties A4 in Y and consider the 
universal family of rational curves which are strict transforms of curves meeting all 
the constraints. Note that a general curve in this family is contained in the smooth 
locus of the blow-up by the enumerative assumption. Such a curve contains a very 
general point, thus free. Then by a similar argument as Proposition 3.5, Chap. 
II, |Kol96j . the evaluation map (to the blow-up) is etale along a general curve. 
Thus the locus in U where U — > Y is not etale and dominates V are precisely the 
sections Si : V — > U. But for a general curve in the family V, the marked points are 
mapped to points not in the discriminant locus of X — > Y. In particular, the fibers 
over these points are smooth and the W —> X is etale along singular fibers over a 
general curve. Since a general fiber of a fibration whose total space has terminal 
singularities (resp. is smooth) has at worst terminal singularities (resp. is smooth), 
the claim follows. 

Furthermore, we have 

K z = K w/V \z = K c + K w/U \z = K c + K x /y\z, 

K z = K w/v\z = K c + K w/u\z = K c + k x/y\z, 

K X/Y = K X/Y + ^ aiE% ' 

where Ei's are exceptional divisors of X — > X. Thus 

K 2 = K z + {Y j a l E i )\ z . 

Let L be an ample divisor on Y such that —Kx + f* L is an ample divisor on X. 
Then 

H = g*(-K x + f*L) + J2t>i E i 
is an ample divisor on X for some rational numbers bi ( Such L exists since X — > Y 
is a Mori fiber space). Note that 

H\% = -K z + (/J biEi)\z + fiber classes. 

We now specify the constraints. For each point class, we choose a point in X. For 
each Ai, let Bi be the inverse images of A, in X. Then [Bi] — (/ o g)*[Aj]. Choose 
a very ample divisor M on X. We will consider the Gromov-Witten invariant 
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where d is the dimension of a general fiber and C is a curve in X such that 7r* ( [C] ) = 
[C]. 

Any stable map to X of class \C\ meeting k general points and Bi gives a stable 
map to Y of class [C] meeting k general points and Ai, thus has to lie in Z. We 
need to show curves in Z meeting k + k' general points in Z and k" codimension 2 
subvarieites in Z are irreducible when k' is large. This essentially follows from the 
proof of Theorem 13.11 

The issue here is that the induced map on homology i* : H2(Z, Z) — > H2(X, Z) is 
not injective. So we have to show that all the curves in Z, whose curve class under 
i* is [C], and meeting all the constraints are irreducible. As noted in Remark [321 
the proof of Theorem 13.11 only uses the fact that the curve has a fixed intersection 
number with 53 ct »-^'ilih ^zi anc ^ H- Since the curve class under is fixed, the 
intersection number only depends on the curve class [C], Thus all such curves are 
irreducible. □ 



Proof of Theorem ] 1 . 1 11 By Theorem II. 91 we only need to find one smooth projec- 
tive model of the generic fiber with the desired property. First note that we can 
refine the sequence 



X„ — X n —¥ X n —i — > 



Xi -> Spec K(C) 



such that each morphism is a contraction of a extremal ray in the sense of MMP. 
We proceed by induction to construct a sequence of varieties 




such that 

(1) The generic fibers of Xi —> C and Yi — ► C are isomorphic to Xi. 

(2) Each variety Xi is smooth and Yi has at worst terminal singularities. 

(3) Either Yi — > Xi-\ is a Mori fiber space or birational, depending on whether 
Xi — > Xi-i is a fiber type contraction or a birational morphism. 

(4) There exist birational morphisms Xi — > Yi, which are isomorphisms over 
the smooth locus of Yi. 

To start, choose a smooth projective model Z\ of X\ over C. Then run the 
relative MMP (with scaling) of Z\ over C. Denote the end product by Y\ . Take X\ 
to be a resolution of singularities of Y\ which is an isomorphism over the smooth 
locus of Y\. Assume Xi and Yi have been constructed. If Xi + \ — > Xi is birational, 
then take Xi + \ = Yi + \ to be any smooth projective model of Xi + i with a morphism 
to Xi. If Xi + \ — > Xi is a fiber type contraction, choose any smooth projective model 
Zi + i — > Xi and run the relative MMP (with scaling) over Xi. Take Yi + i to be the 
end product and Xj+i to be a resolution of singularities of i^+i which is isomorphic 
over the smooth locus of Yi + \. Note that Yi + i has at worst terminal singularities. 

Now the theorem follows from Theorem 13.11 Lemma 13.31 and 13.41 □ 



Proof of Theorem \1.14\ Similar to the proof of Theorem 11.111 we can construct a 
birational model X' — > Y with a non-zero enumerative Gromov-Witten invariant of 
the form ([pi], [pt],7r*L4i], . . . , 7r*L4„], . . .) x by Lemma 1331 and I3"H Furthermore, 
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we may assume the birational map X ---» X' is well-defined along a general fiber. 
We can successively blow-up smooth subvarieties to get a new variety 

X n — > X n -i —>...—> Xi — > Xq = X 

with a birational morphism X n — > X'. Thus by Lemma 13.31 and !3.4[ 

(1) There is a non-zero Gromov-Witten invariant on X n of the form 

{\pt],[ptU*[A l ],...,'K*[A n ],...) x - 

(2) The push-forward of the corresponding curve class under the morphism 
7r„ : X n — > X — > Y is the curve class /? giving the non-zero Gromov-Witten 
invariant on Y. 

Thus it suffices to show these two conditions are preserved under the blow-downs 
Xi+\ — > Xi. 

Let Si be the blow-up center on Xi and -Ei+i be the exceptional divisor on Xi + \. 
Since X --■» X' is well-defined along a general fiber, we may choose Si in such a 
way that the image of Si under iti : Xi — > Y is not dominant. We first apply the 
degeneration formula to the deformation to the normal cone of Ei+\. We specialize 
the constraints [pt], [pt] to the (Xi+\, side. Thus we have 

([pt] , [pt] , 7T* [Al] , . . . , 7T* [A„] , . . 

=^([pt], . . . |r)< M )<. . . ir)^ -^® ^'^ 

Any non-zero term in the relative invariants side give rise to a (possibly reducible) 
curve Ci in Xi such that 

(1) 7rj*[Cj] = (3, where iii : Xi^rY is the projection to Y, 

(2) The image of Ci under 7Tj in Y meet two general points and all the repre- 
sentatives of Ak- 

We may choose the representatives of [Ak] to be general so that any curve in Y 
of class P and meeting 2 general points and Ak 's are irreducible embedded and do 
not pass through the intersection of TTi(Si) with any of the A^s by the enumerative 
assumption. Thus the curve Ci in Xi contains one irreducible component whose 
image in Y gives the irreducible curve in Y meeting the constraints and the rest of 
the irreducible components of Ci are all mapped to points in Y. And all the non- 
zero relative Gromov-Witten invariant on the (JQ, Ei) side are connected invariants 
of the form 

{[pt] , [pt] , 7T* [Al] , . . . , 7T* [An] , . . . |T)^] E,) , 

and tt*([C]) = p. 

Now apply Theorem [23] with the lowest order term on the relative invariant side. 
And we conclude that the two conditions are preserved under blow-downs. □ 

In order to prove Theorem ll.161 we need the following result. 

Theorem 3.5 ( |Kol98| . Theorem 4.2.10, [Rua99j . Proposition 4.9). Let S be a 

smooth projective uniruled variety. Then there is a non-zero Gromov- Witten in- 
variant of the form ([pi], . . .)q «. 

Proof. We first choose a polarization of S. Then there exists a free curve C of 
minimal degree with respect to the polarization. Note that every rational curve 
through a very general point p in S is free. So if we choose such a point and 
consider all the curves mapping to S of class [C] and passing through p, then we 
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get a proper family ( by minimality) of expected dimension ( the deformation is 
unobstructed). Therefore the Gromov-Witten invariant ([pt], [A] 2 , . . . [A] 2 }^ , c , is 
non-zero, where [A] is the class of a very ample divisor. Clearly this is the number 
of curves meeting all the constraints. □ 

Remark 3.6. If the minimal free curve in E is an embedded curve, then this 
Gromov-Witten invariant is enumerative in the sense of Definition 11.121 

Proof of Theorem \ 1.161 The assumptions implies that there is a compactiheation E 
of E which has an enumerative Gromov-Witten invariant of the form ([pt], . . .)q a. 
By Lemma 13.41 and 13.31 there is a birational model X' of X, which has a morphism 
to E, isomorphic to X near the generic fiber of X —■* E, and has a non-zero 
Gromov-Witten invariant of the form ([pt], . . a,. Furthermore, f3' is not a class 
supported in a fiber. 

By the weak factorization theorem ( |AKMW02j . Theorem 0.1.1), we may factor- 
ize the birational map between X and X' by a number of blow- up/blow-down along 
smooth centers away from a general fiber. So it suffices to show that a non-zero 
invariant of this form is preserved under blow-ups and blow-downs and the image of 
the curve in E is not a point (or equivalently, the curve is not contained in a fiber) . 
The invariance of such a non-zero Gromov-Witten invariant is proved by [HLR08 
via the degeneration formula and Theorem 12. 9f Theorem 5.15 in [HLR08] ) . Notice 
that in the course of applying the degeneration formula, we start with a curve 
whose image is not a point in E. Thus the curve class of the invariant in the 
blow- up/blow-down is mapped to a point only if it comes from some disconnected 
invariant, which is simply the product of connected Gromov-Witten invariants of 
connected components. But in that case there are cohomology classes in the in- 
sertions of the disconnected Gromov-Witten invariant coming from cohomologics 
of the blow-up center. The curve in this class has to meet a general point and 
representatives of these classes, which can be chosen to be away from a general 
fiber. So the image of the curve in E cannot be a point. □ 

Remark 3.7. The condition on E of having a birational model with an embedded 
minimal free rational curve can be removed when the general fiber is P . In this 
case, a general minimal free curve is immersed. And the total space of the fibration 
over a general such curve is a non-normal surface which is singular only along 
smooth fibers, and whose normaliztion is smooth. It is easy to modify the proof to 
adapt to this case. 
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